Renormalization is often described as the removal or "integrating out" of high energy degrees of freedom. In the context of quantum matter, one might suspect that quantum entanglement provides a sharp way to characterize such a loss of degrees of freedom. Indeed, for quantum many-body systems with Lorentz invariance, such entanglement monotones have been proven to exist in one, two, and three spatial dimensions. In each dimension d, a certain term in the entanglement entropy of a d-ball decreases along renormalization group (RG) flows. Given that most quantum many-body systems available in the laboratory are not Lorentz invariant, it is important to generalize these results if possible. In this work we demonstrate the impossibility of a wide variety of such generalizations. We do this by exhibiting a series of counterexamples with understood renormalization group flows which violate entanglement RG monotonicity. We discuss bosons at finite density, fermions at finite density, and majorization in Lorentz invariant theories, among other results.
I. INTRODUCTION
Renormalization is often described as the removal or "integrating out" of high energy degrees of freedom [1] . As such, one might imagine that entropic-like quantities measuring information would provide a sharp way to formulate the loss of information inherent in the renormalization process. Entanglement is a natural target for investigation because it is known to be a precious resource in other contexts, for example, entanglement cannot be created between two separated parties using only local operations and classical communication (LOCC) [2] . Within the context of quantum ground states, a particularly natural quantity measuring entanglement is the entanglement entropy. This entropy measures how entangled a given spatial subregion is with its environment. Because it often increases with the number of degrees of freedom, e.g., the number of fermion flavors, the entanglement entropy, or some generalization or refinement thereof, might provide a suitable way to quantify the loss of information along renormalization group (RG) flows from one quantum ground state to another. Precisely such a result has been obtained for Lorentz invariant field theories in one [3, 4] , two [5] [6] [7] [8] , and three spatial dimensions [9, 10] . It is the purpose of this paper to show that such a result, despite its appeal, cannot generally be extended beyond the class of Lorentz invariant systems.
To understand these claims, we first introduce the concept of entanglement entropy. Throughout the paper we consider quantum ground states of local Hamiltonians in d spatial dimensions. Let |G be the ground state of such a local Hamiltonian. Given a spatial subregion A of the total many-body system, we may partition the Hilbert space as H = H A ⊗ H B where B is the complement of A and H R is the Hilbert space built from degrees of freedom in region R. The state of the full system is ρ AB = |G G| . Now we are ready to understand the RG monotonicity results for Lorentz invariant field theories. First off, we must regulate such a theory to render the entanglement finite. A lattice regularization provides a simple method to render the theory finite, but we will not need to specify the regulator for our considerations here. Indeed, if we consider the special subclass of conformal field theories (theories with a larger symmetry including scaling symmetry) then the details of the regulator should be irrelevant in the RG sense. 1 If is an ultraviolet cutoff length scale, then the entanglement entropy of a d-ball of radius L in such a conformal field theory (CFT) has the form
The constants k i are non-universal while the constants c, F, a are universal (the nomenclature is conventional). The main result of previous works is that c, F , and a all decrease along the RG flow. More precisely, if a UV CFT is perturbed by a relevant operator and flows to an IR CFT while preserving Lorentz invariance then the appropriate (depending on the dimension) entanglement quantity satisfies Q U V > Q IR where
Thus we see that for the special class of Lorentz invariant RG fixed points, that is conformal field theories, entanglement entropy for a special subregion (a ball) does provide a sharp way to characterize the loss of information along the RG flow. Such results are deep and deserve to stand on their own; for some recent early uses of such results within the theory of quantum matter see Refs. [11, 12] . Ref. [11] made the argument that certain "deconfined" critical points [13] should be viewed as more highly entangled than conventional critical points, a fact that would have implications for the use of tensor network states [14] [15] [16] and DMRG [17] to describe such deconfined critical points. To justify this intuition, it is useful to appeal to an interpretation of the entanglement entropy of a dball, S d , as the thermal entropy of the CFT on a cutoff version of hyperbolic space (the cutoff renders the otherwise divergent spatial volume finite) [18] . Neglecting surface contributions from the cutoff, the constant k 2 , say, is then itself proportional to F , thus larger F does imply larger area law term within this class of regulators. Independently, Ref. [12] considered dynamical questions and showed that entanglement monotonicity, along with other plausible assumptions, constrains the phase structure of certain systems of gauge fields coupled to fermions of interest to condensed matter physics. In that context, for example, one shows that a system cannot break symmetry because the resulting low energy theory would have too many massless Goldstone modes and hence too large a value of the entanglement monotone.
Our motivation is thus two-fold: we would like to answer the fundamental question of whether entanglement is in some sense monotonic under RG flows and if it is, we would like to find new applications of entanglement monotonicity that illuminate the physics of quantum matter. In this work we test whether entanglement monotonicity can be generalized to non-Lorentz invariant settings. This is an important question since Lorentz invariance is absent in most forms of quantum matter, e.g., solid state systems, cold atoms, and finite density quark matter systems. Unfortunately, such a generalization, if it exists, must be subtle. For example, there are many measures of the number of degrees per unit volume, yet only c, F , and a are monotonic. The coefficient of the low temperature thermal entropy is not monotonic (see the discussion of majorization below), nor is the entanglement entropy for subregions besides d-balls. More generally, the structure of the entanglement entropy, e.g., its dependence on region size L, is not even the same across non-Lorentz invariant theories, so what then should we compare between such very different systems?
Nevertheless, we can forge ahead and try to formulate a generalized monotonicity theorem. There are certain basic requirements that should be obeyed by any proposed RG monotone. After all, trivial quantities exist which always increase under renormalization, e.g., the RG time or the inverse cutoff. However, these quantities are not properties of fixed points because they depend upon the whole RG flow. A good monotone is something that is a property of the continuum limit of the theory and is independent of the microscopic regulator. In a similar vein, it is not enough to say that the total number of degrees of freedom is decreasing, for example, when we integrate out high momentum modes in a Wilsonian RG [1] . Instead, we see from the results above that it is certain "intensive" measures of the number of degrees that are monotonic. It is more like the number of degrees of freedom per unit volume which is decreasing, but only as measured by a certain special physical probe (the entanglement entropy of a ball in the ground state). This is the sort of generalization which we seek.
In this paper we show that there is no simple generalization of the c, F , or a theorem once Lorentz invariance is lost. We do this by exhibiting a variety of simple, almost trivial, counterexamples that rule out many possible extensions. Indeed, we will show that no quantity built purely from the ground state can decrease in general under an RG flow. We will also show that some attempts to generalize the monotonicity theorems while staying within the class of Lorentz invariant systems also fail. We give some simple fermionic examples in one dimension as a warm up. Then we exhibit a simple RG flow for non-relativistic bosons from a theory with dynamical exponent z = 2 to a theory with dynamical exponent z = 1 which goes from being unentangled to being entangled like a Lorentz invariant conformal field theory. Next we use the concept of Fermi surfaces to badly violate monotonicity in higher dimensions. In the context of Lorentz invariant theories, we show that the Renyi entropy S n (a generalization of S defined below) is not monotonic at small Renyi parameter n 1 even for a d-ball when d > 1. Finally, we discuss the possibility of monotonicity theorems under restricted conditions, e.g. enhanced symmetry, and the overall outlook of our work. The main message seems to be that the varieties of entanglement are greatly multiplied once Lorentz invariance is lost.
II. FREE FERMIONS
As a first example, we consider a fermionic hopping Hamiltonian on a one dimensional chain of N sites. We have fermions c r on each site of the chain with Hamiltonian
and periodic boundary conditions. The w are hopping matrix elements. In terms of momentum space fermion operators
the Hamiltonian is
3)
w >1 = 0 is the usual tight binding model with k = −2w 1 cos k. The ground state is given by
It is known that the leading contribution to the entanglement entropy of an interval of length L in this state is
with some cutoff length scale. One way to obtain this result is to recast the tight binding model as a conformal field theory. This is achieved by focusing on the two Fermi points at k F = ±π/2 and organizing the left and right moving states there in terms of a Dirac fermion in one dimension. The Dirac fermion is a conformal field theory with c = 1 and hence Eq. 1.4 gives an entropy of (1/3) ln (L/ ). To be clear, this is the universal part of the entanglement controlled by the low energy degrees of freedom near the Fermi points.
Within the context of CFT, the c-theorem would imply that this entropy, i.e., c, must strictly decrease under the RG flow. For example, by imposing Lorentz invariance entanglement monotonicity tells us that we cannot start with one Dirac point, add a relevant perturbation, and end up with two Dirac points. However, we now construct an RG flow from a scale invariant but not conformally invariant theory to the Dirac fermion in which the analog of c, i.e. the coefficient of the log term in S, does not decrease.
The construction is simple. In terms of the tight binding model above, we adjust the w so that the Fermi points remain at k = ±π/2 but the dispersion has vanishing first derivative there. This is achieved by setting w = 0 for even, and by tuning w 3 relative to w 1 . The resulting system has ∂ k k (k = ±π/2 ) = 0 and ∂ 2 k (k = ±π/2) = 0 (by symmetry). The first non-vanishing derivative is thus the third and so the energy of excitations near the Fermi points scale like
This is a scale invariant system with dynamical exponent z = 3, e.g., energy is related to momentum as ω ∼ q z . Nevertheless, the ground state of this system is manifestly identical to that of the z = 1 system above (with only w 1 non-zero). Since the ground is the same, the entanglement entropy of the z = 3 system is also the same as the entanglement entropy of the z = 1 system. A straightforward RG flow exists between the two systems provided we introduce a small Fermi velocity. In terms of v F = ∂ k k and v F = ∂ 3 k k we have a momentum scale
−1 the physics is controlled by the z = 3 fixed point while at long times we recover the z = 1 physics. Nevertheless, we have shown there is no change in the entanglement entropy along this flow and hence a strict monotonicity result fails in terms of the coefficient of the logarithm in S.
We can also produce many generalizations of this result, for example, we can construct flows from any odd z to any other odd z with z < z. Furthermore, we can arrange for the analog of c to actually increase by further modifying the dispersion. Consider a dispersion k which near the chemical potential has the form
with v 1 small. This model is similar to the one we considered above, but with a negative velocity v 1 . At high energy the v 1 term has no appreciable effect and we have effectively the z = 3 model consider above. However, as we probe the system at lower energies and longer wavelengths the single zero crossing at k = k F effectively splits into three Fermi points at k = k F and k = k F ± v 1 /v 3 . Thus the low energy theory has c = 3 and z = 1 while the original fixed point has c = 1 and z = 3 where by c we mean the coefficient of ln (L) in the entropy.
Having exhibited a variety of entanglement monotonicity violations for fermions in one dimension, we now turn to another simple problem of bosons of interest where a completely unentangled state flows to an entangled state under a relevant deformation.
III. BOSON SUPERFLUID
Consider a bosonic lattice model on a d dimensional hypercubic lattice. We have bosonic operators b r on each site satisfying the usual commutation relations [b r , b † r ] = δ rr . The Hamiltonian is taken to be
where n r = b † r b r and the hopping term is a sum over nearest neighbors. We consider the ground states of H b as a function of µ assuming w U . When µ < 0 the ground state is simply the vacuum satisfying
On the other hand, when µ > 0 the ground state is a superfluid with a non-zero density of bosons. The point µ = 0 is a critical point separating the vacuum and superfluid phases of the system. Indeed, the µ = 0 point is actually scale invariant with dynamical exponent z = 2, but the ground state remains the trivial vacuum state. Furthermore, while the presence of the interaction modifies the scattering properties of multi-particle states, the ground state contains no particles and hence remains the trivial unentangled vacuum state. A simple field theory for this critical point can be obtained in terms of a coarse-grained Bose field ψ(x, t) with action
3) The scaling symmetry is easily visible when g = 0: we send x → λx, t → λ 2 t, and ψ → λ −d/2 ψ which leaves S invariant if µ = 0. Furthermore, note that the interaction is actually
More generally, the model has a controlled fixed point with z = 2 at non-zero g in d = 1 and d = 2 dimensions (see Ref. [19] for a review), but as discussed above, the ground state remains the trivial vacuum state in all cases.
When µ > 0 we obtain the superfluid phase which has a linearly dispersing sound mode associated with the spontaneous breaking of the boson number symmetry. Neglecting the physics of the zero mode (which can be included as needed, see Ref. [20] ), we have the physics of a single relativistic free scalar field. The details of this field theory or of the more complete lattice description need not concern us. All we need to know is the ground state of the model is entangled with the entanglement entropy of a ball well described by Eqs. 1.4, 1.5, and 1.6 in d = 1, 2, 3 dimensions. Now again we have a simple RG flow from the z = 2 system to the z = 1 superfluid phase. Starting from the UV fixed point with z = 2 we add a chemical potential µ > 0 which is a relevant operator at the z = 2 critical point. The RG flow then takes us to the z = 1 superfluid phase. The physics of this RG flow is straightforward. The system has a finite density n of bosons, and at distances short compared to n −1/d the system looks empty (z = 2 fixed point) while at long distances the system looks like a conventional superfluid (z = 1 fixed point). Thus we have a simple and controlled RG flow from a z = 2 system with an unentangled ground state to a z = 1 system with an entangled ground state. This trivial result has important implications. First, the total entropy is clearly increasing along the RG flow. Second, because the z = 2 theory is unentangled, there is no non-trivial entanglement quantity we can construct from it that will decrease under RG flow (because it has no entanglement).
We now return to fermions to construct even more serious violations of entanglement monotonicity. We make heavy use of the special features of fermions at finite density to obtain our results.
IV. FERMI SURFACE
Consider now a free Dirac fermion in any dimension with action
and where {γ µ , γ ν } = 2g µν with g µν the flat spacetime metric. This system is a conformal field theory in any dimension, but we may easily perturb it with a Lorentz breaking perturbation to drive it into a new gapless phase. The action has a symmetry under ψ → e iθ ψ which leads to a U (1) conserved current J µ =ψγ µ ψ. Using this current, we may add a chemical potential to the relativistic action to obtain the new action
This chemical potential is a relevant perturbation at the free Dirac fixed point and drives a renormalization group flow into a new phase of matter. See also the recent work of Ref. [21] for another simple example using Dirac fermions and a periodic chemical potential.
The ground state of this new system is a free Fermi gas with a Fermi surface. The dispersion of the relativistic fermion is k = |k|, and the ground state of S is obtained by filling up energy levels until |k|=k F = µ (assume µ > 0). Thus we have µ = k F in units where the Fermi velocity is one. Now the crucial question becomes, how does the entanglement of a d-ball scale in this new system? In fact, not only is the new system S not a conformal field theory, it doesn't even obey the area law for entanglement. Using by now wellknown methods, we can show that the entanglement entropy of a d-ball of radius L scales like
with a known prefactor [22] [23] [24] [25] [26] [27] . Except for d = 1 this entanglement entropy does not even have the same scaling form as the CFT result, hence no direct comparison is possible. Still, it must be admitted that the Fermi surface system is more entangled, e.g., has faster scaling of entanglement entropy with L, by any reasonable definition of that term. Thus we have again a trivial violation of entanglement monotonicity.
To obtain a precise result that encodes this violation, consider the following modification of the above story. Suppose we also add some irrelevant interactions to the Dirac fixed point in addition to the chemical potential. These interactions, which are by assumption irrelevant at the Dirac fixed point, are constructed so that they lead to a non-zero marginally irrelevant interaction at the Fermi surface fixed point. In detail, we assume that the interactions generate an attractive interaction in a superconducting pairing channel, the so-called BCS channel. To be concrete, consider d = 2 spatial dimensions with a circular Fermi surface. Then the different BCS channels are indexed by an angular momentum = 0, 1, 2, ..., and the coupling V obeys the RG equation
where s is the RG time, i.e. the momentum cutoff is Λ(s) = Λ 0 e −s [28] . We arrange for one of the V with large to be negative in which case the coupling grows even more negative under the RG flow. Thus pairing and superconductivity will eventually set in the chosen angular momentum channel. If we further arrange the interactions so that the favored gap structure is ∆ k ∝ c k c −k ∝ sin θ k with θ k = tan −1 (k y /k x ), then we obtain as a ground state a superconductor with 2 nodes along the Fermi surface, e.g., the dispersion is
which has zeros whenever both k and ∆ k vanish, e.g., on the Fermi surface and when θ k = nπ. The low energy theory is then 2 Majorana nodes with linear but anistropic dispersion. Indeed, near such a node the dispersion relation reads
The entanglement entropy of the resulting theory, in the case when v F = v ∆ is simply that of 2 relativistic Majorana fermions. In particular, it has the form of Eq. 1.5 with F ∝ and hence arbitrarily large compared to the UV F = F Dirac . Our construction achieves this violation by passing through an intermediate non-relativistic finite density state (the Fermi surface) before spontaneously breaking the global U (1) symmetry to return to a scale invariant with ∝ massless fermions.
Another interesting point raised by the construction is the role of anistropy. Indeed, the scenario we have considered here has a similar low energy structure of that of the cuprate superconductors with a d-wave gap ( = 2). In those systems, v F = v ∆ , and the entanglement entropy of a disk is not given by the usual isotropic formula. In fact, we can easily recover an isotropic system by rescaling one of the lengths, however this will distort the disk and convert it into an ellipse. Crucially, the the entanglement entropy of an ellipse depends on the precise shape of the ellipse and the universal term is not known to decrease under the RG flow. Furthermore, in the cuprate case the directions corresponding to k ⊥ and k are different for different nodes. Hence we cannot do a single rescaling to simultaneously bring all the nodes to an isotropic point. Thus such anisotropic but linearly dispersing systems may also provide an even simpler obstacle to generalizing the Lorentz invariant entanglement monotonicity theorems.
Of course, the system we have constructed is heavily tuned, breaks rotational invariance, breaks U (1) invariance, and is generally a somewhat complicated physical system. Even the so-called Majorana nodes do not sit at zero momentum as would be conventionally assumed in high energy physics. Nevertheless, the basic low energy physics is indeed that of relativistic massless Majorana fermions. Thus we do have an RG flow from a relativistic system (free Dirac fermion) to another relativistic system (many Majorana fermions) via an intermediate non-relativistic phase, or otherwise one must show how the subtle features of the superconducting state invalidate the comparison. In any event, the simple fact that the free Dirac fermion flows to the Fermi gas, a much more highly entangled state, under relevant deformation by a chemical potential implies that entanglement is rather non-monotonic under the RG.
V. MAJORIZATION
We now shift focus slightly and ask a related question. In the context of Lorentz invariant systems where the monotonicity theorems do hold, it is very interesting to ask if there is any more general construction from which these theorems follow. For example, why only d-balls and why only the von Neumann entropy? The Renyi entropy, defined by
is another candidate for monotonic quantity. However, unlike the entanglement entropy, which obeys the strong subadditivity bound
the Renyi entropy is not strong subadditive in general. Hence there is something very special about the entanglement entropy. Nevertheless, perhaps the Renyi entropy is still monotonic.
As an example, in one spatial dimension the Renyi entropy of a single interval is a simple modification of Eq. 1.4 given by
Since all these entropies are controlled by the same quantity, the central charge c, it follows that since c is monotonic, all the Renyi entropies are also. However, note that here we only mean that the UV and IR coefficients satisfy an inequality, not that the Renyi entropy is a monotonic function along the RG flow. We must also be careful with the cutoff since as n → 0 the Renyi entropy measures the total support of the density matrix which depends on the regulator.
On the other hand, we know in higher dimensions, three spatial dimensions for example, that non-spherical regions involve other anomaly coefficients besides a which are known not to decrease under RG. Hence in general only the entanglement of a 3-ball obeys a monotonicity theorem. Similarly, we know that Renyi entropies do not obey strong subadditivity, so at the very least the monotonicity proof in Ref. [8] breaks down. Of course, this does not mean that the Renyi entropy of a d-ball is not monotonic, indeed it monotonic, in the sense described above, when d = 1. However, we will now demonstrate that it cannot in general be monotonic in d > 1.
To show this, it is useful to make a brief detour to discuss the concept of majorization. Consider two normalized density matrices ρ 1 and ρ 2 for a fixed quantum system H (dim(H) = χ) with their eigenvalues p iα (i = 1, 2, α = 1, ..., χ) in decreasing order. We say that p 1 majorizes
[2] for a discussion). Majorization is a useful tool in the context of entanglement entropy in part because all Renyi entropies are Schur concave functions. As a simple example, the maximally mixed state with probabilities q given by
is majorized by every other probability distribution. Hence the Schur concavity of S n implies that S n (p) ≤ S n (q ) for all p, and since S n (q ) = ln (χ) we obtain the basic inequality that S n (p) ≤ ln (χ). Remarkably, since in one dimensional CFTs all Renyi entropies of a single interval are controlled just by c and since the Renyi entropies fully determine the spectrum of the corresponding density matrix, it follows that a majorization relationship is obeyed. In detail, the spectrum of the density matrix at the IR fixed point, q IR , and the spectrum of the density matrix at the UV fixed point, q U V , obey q U V ≺ q IR . This relationship has been checked in a variety of cases both in the context of field theory and also in various lattice models realizing CFTs in their low energy physics [29, 30] .
Here we use the recent results of Ref. [31] to show that such a majorization condition cannot hold for d-balls when d > 1. There it was shown that for n → 0, S n is controlled by the thermal entropy density of the corresponding CFT. Since the coefficient of the thermal entropy density is not monotonic along RG flows, it follows that the Renyi entropy is not monotonic for sufficiently small n, and hence that the spectra of the d-ball density matrices do not obey a majorization relationship in general.
To illustrate this non-monotonicity, we give a simple example involving an O(N ) invariant field φ. Let us work in D = 2 + 1 spacetime dimensions in imaginary time. The action at the Gaussian fixed point is
The thermal energy per unit volume at temperature T (in units where the speed is one) is
This expression evaluates to
The entropy density is then
On the other hand, we can also consider the Wilson-Fisher fixed point. The Gaussian fixed point is unstable to the Wilson-Fisher fixed point and flows to it when a certain combination of the relevant operators φ 2 and φ 4 are added to the action. We may access the Wilson-Fisher fixed point in the large N limit as discussed in Ref. [19] . The effective mass due to interactions scales with temperature as m(T ) = 2 ln
T . The energy density is 10) and upon switching to the variable q 2 = k 2 + m 2 and doing the angular integral we find
Finally, we may write 12) which is almost the energy of the Gaussian theory. Taking the ratio we find 14) and where x 0 = (1 + √ 5)/2. We also find that
Now because δ is greater than zero and non-vanishing in the large N limit, the flow from the Gaussian fixed point to the Wilson-Fisher fixed point is actually monotonic as regards the thermal entropy. However, we can use the above the results to construct a non-monotonic flow by considering the flow from the Wilson-Fisher fixed point to the fixed point describing the symmetry broken phase. This phase has N − 1 Goldstone bosons and (modulo some subtleties about the zero mode) has the same thermodynamics and entanglement as N − 1 massless scalar fields. Thus the thermal entropy density actually increase along the RG flow because, if s 0 is the entropy of a single massless scalar, we have N s 0 (1 − δ) < (N − 1)s 0 for sufficiently large N . Hence because the thermal entropy density controls the Renyi entropy of a disk at small Renyi index, it follows that the Renyi entropy is also not monotonic and hence no majorization condition can be obeyed.
VI. DISCUSSION
In this paper we have investigated the structure of entanglement along RG flows in a wide variety of systems. We have exhibited RG flows from unentangled to entangled states, from theories with different dynamics but identical entanglement, and from a Lorentz invariant fixed point to another Lorentz-invariant fixed point via a non-Lorentz invariant intermediate Fermi gas state. We also showed that a majorization condition is not obeyed by the eigenvalues of the reduced density matrix in more than one dimension. The general picture is then two fold: first, the varieties of entanglement scaling are greatly multiplied when Lorentz invariance is lost, and second, entanglement does not generally decrease under RG flows.
There are still many interesting questions to answer about the interplay between entanglement and renormalization even in Lorentz invariant systems. One example is provided by topological phases in three dimensions. In two dimensions, topological entanglement entropy contributes to F despite the fact that it arises from a gapped system where as we normally associated F with gapless degrees of freedom. However, in three dimensions the analog of topological entanglement entropy does not contribute to a, so it would be interesting to know if there is a generalization of a that includes some topological contribution and is still monotonic. We also do not yet know of entanglement monotones in dimensions greater than three.
Our results imply that with no additional restrictions, no quantity defined purely from the wavefunction will be universally monotonic under RG flows. However, this leaves open the possibility that by restricting to certain symmetries, by considering families of states, or by studying dynamical properties or perturbations, a kind of entanglement monotonicity result might still be found. It will be interesting to study in much more detail the structure of entanglement along RG flows and to attempt to formulate generalized monotonicity principles. Indeed, such results could have a profound impact on our understanding of quantum matter, for example, by providing additional evidence for the intuition that Nature prefers ground states of low entanglement (which is itself a special case of the general intuition that useful entanglement is fragile).
